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ABSTRACT
In this paper I introduce a global Rankin-Selberg integral representing
the symmetric fourth power L-function for GL(2). I show that the global
integral is factorizable and compute the local unramified integrals. Finally,
I also study some other properties of the local nonarchimedean integrals.

Introduction

Let 7 be a cusp form on GL2(A) and let x be a unitary character of F*\A*.
The Langlands program attaches to = the twisted L-function L (7 ® x,sym?*, s)
associated with the symmetric fourth power representation of GLy(C). This L-
function is of degree five. My goal is to show that for generic x the partial
symmetric fourth power L-function is holomorphic and to use that for studying
estimations of Hecke eigenvalues of Maass forms in the spirit of {1], (2] and [11].
This paper is a first step toward this goal. Here we first introduce, in section 2, a
global integral which we show to be Eulerian. This Rankin-Selberg type integral
involves a double cover Eisenstein series on the group G2. It also involves a theta
function, and hence might be viewed as a “Shimura type” integral. In the third
section, we compute the unramified local integral obtained from the global one
and show for nonarchimedean local fields that data could be chosen so that those
integrals do not vanish. The next steps, which we hope to deal with in the near
future, include the study of the archimedean local integrals and the global study
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of the poles of our Eisenstein series. Let us mention that this L-function was also
studied in [11], but from a different point of view.

The integral discussed in this paper was announced in [5]. I wish to thank
S. Rallis for helpful conversations.

1. Notations

1.1. Let G denote the exceptional group G2. We denote its two simple roots by
a, the short root and by 8 the long root. The positive roots of G are a, 8,a+ 8,
2a+8, 3a+ 3, 3a+2p. If ¢ is a root x.(r) denotes the one parameter unipotent
subgroup corresponding to . The maximal split torus of G is denoted by h(t;, t2)
and parameterized such that

h™1 (81, t2)Ta(r)h(tr, t2) = Za(ty '),
h™Y(t1, t2)x(r)R(t1, t2) = zp(ty Htar).

Let W denote the Weyl group of G. The simple reflections w, and wg corre-
sponding to the simple roots a and g satisfy the following:

wah(ty, t2)wI! = h(tata, t31),
wgh(t1, t2)wz' = h(tz, 11).

Let P = GLyU (resp. @ = GL;V) denote the maximal parabolic subgroup of G
such that z,(r) C GL3 (resp. zg(r) € GL2). U and V denote the corresponding
unipotent radical subgroups of P and Q, respectively. In particular, dimU =
dimV = 5. For more details and other group relations in G, see [4] and the
references cited there.

We also recall the definition of 7 in [4]. Let H3 denote the Heisenberg group
with three letters. Let V be the normal subgroup of V generated by z3445(r1)
and T3a425(r2)- It is not hard to check that Hs ~ V/V. We define a homomor-
phism 7 : V — Hj to be the composite map of the projection from V' to 174
with the above isomorphism.

As usual if H is an algebraic group and k a ring containing its field of definition,
H) or H(k) will denote the k points of H.

1.2. In[8] Matumoto constructed a unique double cover for the group G; which
we shall denote by G, or G. Denote by (,) the two order Hilbert symbol. Let



Vol. 92, 1995 L-FUNCTION OF GL» 159

ha(a) = h(a™',a?) and hg(b) = h(b,db1). It follows from [8] that there is a
cocycle ¢ on G x G such that

U(ha(a)hﬂ(b)’ ha(c)hﬂ(d)) = (a7c)(b’ d)(a’d)'

We describe the restriction of o to the maximal parabolic subgroups of G. For
g1, 92 € GL2 let (g1, g2) denote the Kubota symbol (see [7]). Thus

v(g192) V(glg2)) ( d V(glg2))’

k(g1,92) =( W) | v(g2) etg: , (91)

where
(¢ Y e c#0,
c d) ld, c=0.
It is not hard to check that the restriction of o to the two Levi parts is the same
and satisfies

(1.2.1) a(g1, g2) = (g1, g2)(det g1, det g2)

for all g;,g2 € GL3 (in P or Q). In particular this means that the restriction of
G to both Levi parts of P and Q yields a double cover of GL2, denoted by évlq
Following [8] we choose the covering so that ¢ is trivial on the maximal unipotent
subgroup of G prescribed by the choice of the positive roots given in 1.1.

In general, if H is a reductive group, H will denote its two-fold cover. If
L C H is a subgroup, L will denote its full inverse image in H. If there is a
splitting homomorphism for L, we shall denote by L its image in L under this
homomorphism. When needed we shall describe this homomorphism in detail.
We shall also denote s : H — H the canonical section s(h) = (h,1) (here we
identified H with the set of all pairs (h, e) with h € H and € € {£1}). When
there is no confusion we shall write h for s(h).

1.3. In this section we recall some properties of the Weil representation. We
refer the reader to [4] section 1.2 and the references there for complete details.

We identify elements h € Hs with triples (z,y, z). More precisely, let F' be a
global field and A its ring of adeles. Thus to each h € H3(A) we attach a triple
(z,y,2), where z,y, 2 € A. The product is given by

(z1,¥1, 21) (22, Y2, 22) = (%1 + T2, y1 + Y2, 21 + 22 + T1Y2 — Y1 T2).
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Let 9 be a nontrivial additive character of F\A. Denote by S(A) the Schwartz
functions on A. The Weil representation wy, is a representation of H3(A)§VLQ(A)
which acts on S(A). We have the following formulas:

(131 wel0,9,(z0,016(6) = (€ + 2W(Ey + 2),
(13.2) w¢(<<t t"1> ,e))oe) =¢ ((t)|t|1/2¢(t§
133 w1 7)) a)ee=v(5) 0.

Here ¢ € S(A), and v(t) for t € A*, denotes the Weil constant and € € {+1}.
We define the theta function on H3(A)§VL2(A) by

=Y wy(hg)e()

(eF
for all h € Hs(A), g € SLy(A) and ¢ € S(A).

1.4. Let F and A be as 1.3. Let 7 = @, 7, be an irreducible cuspidal rep-
resentation of GLy(A). We shall denote by w, its central character. It is well

known that = is a generic representation. More precisely, if we realize 7 in the
space L3(GL2(F)\GL2(A)), then the integral

Wo(9) = /w[(l T)g]w(%x)dx, ©EVn

F\A
is not identically zero for all ¢. Here V; denotes the realization space of 7 in
L3(GL4(F)\GL2(A)). Also g € GL3(A) and ¢ is as defined in 1.3. We shall
denote the space of all functions W, (g) by W(x,4). Thus it is well known that
W(=, ) factorizes into local components. In other words we have W(w, ) =
&, W(r,,¥,). Here W(m,,1,) is the Whittaker model of 7, corresponding to
the character v,,.

We shall also need to use the theta representation of GL,(A). We recall some
details from [3]. Let x = @), x» be a character of F*\ A*. In [3], for each such ,
the theta representation , is constructed (r, is the notation of (3]). It follows
from Proposition 8.1.1 in [3] that if x is not totally even, then 6, is cuspidal. In
other words, if x,(—1) = —1 for at least one place then 6, is cuspidal. In any
case it follows from {3] Proposition 8.2 that each 8, is distinguished, i.e. it has
a unique Whittaker model. As for 7, we shall denote by W(6,,v) the Whitaker
model for 8,. Thus we have W(0,,v) = @,(W (9("),1/1,,)
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1.5. In this section we construct the Eisenstein series we use. Let ¢, be the
theta representation of C?I:;»(A) as in 1.4. Let ~{t) for t € A* denote the global
Weil symbol. Thus v odet is a character of @(A) which, when there is no con-
fusion, we shall denote simply as v. We view det as a function of CTLz(A) by com-
posing it with the projection (:‘;f,z(A) — GL2(A). We extend the representation
0y, - (yodet) of éng(A) to }3(A) by letting it act trivially on U (A). Denote by ép
the modulus function of P(A). We view ép as a function of IB(A) by composing
it with the projection P(A) — P(A). Given s € C we construct

= IndS® ~1 g 48
I{x,s) = Indﬁ(A) Oy(yodet) " ®6p .

Thus FX € I(x,s) is a smooth function FX : G(A) — Ve, (the space of 6,)
satisfying
FX(pg) = 8p(p)v(deth) '8y (h)FX(g)

for all p = hu € P(A) where h € GL;(A) and u € U(A), and all g € G(A).
To view the space as a scalar valued function, let £ : Vg — C be a GLy(F)
invariant form and denote f;((g, 8) = £(FX(g)) for all g € G(A) and s € C. Here
we used the well known fact that there is a splitting homomorphism for G(F) in
G(A), and the fact that 0y is automorphic. We define the Eisenstein series on
G(A) by
E(g.fo)= Y. Fvg.9).
YEP(F\G(F)

This series converges for Re(s) large and has a meromorphic continuation to the

whole complex plane.

2. The global integral

We keep the notations of section 1. Let ¢ € V. We view SL, as a subgroup of
G2 by embedding it in the Levi part of Q. We denote this embedding by 7. We
introduce our global integral,

(2.1) I(p, 8, fx>8) = / / ©(9)84((v)9) E(vi(g), fx, 8)dvdg .
SL2(F)\SL2(A) V(F)\V(A)

Here V(A) is embedded in G(A) as described in 1.2 and j{g) stands for s(3(9))
for g € SLy(A). The integral is well defined since 5¢(r(v)g)E'(vj(g),f;, s) is not
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a genuine function of §ng(A) It also follows from the cuspidality of ¢ and from
the fact that 9¢(T(v)g)E(@j(g),fx,s) is a slowly increasing function of g that
I{p, ¢, fx, s) converges absolutely for all s for which the Eisenstein series has no
poles.

Remark: We wish to mention that I(¢p, ¢, f;(,s) is “dual” to the integral (2.1)
in [4] in the sense that the cusp form and the Eisenstein series are interchanged.

For every fx(g, ) as in subsection 1.5 we introduce the function

(22) Fi0,9) = [ Folealr)hs)olrr
F\A
for all h € 5(A). Therefore fw,‘ {h,s) belongs to the space

IndgE:; (65(v - det)™! ® W(by,%)). In particular, due to the uniqueness of the

Whittaker model of 8, the above induced representation is factorizable.
Finally, we shall denote wg = wpw,wgw, and we let N be the maximal uni-

potent subgroup of GL, consisting of upper triangular matrices. Then we have:

PROPOSITION 2.1: For Re(s) large,

106 Fe)= [ [Welosla)drs+)
(2.3) N(A)\SL2(A) A

Fw, (WoTa(T1)Z2045(r2)T30+5(rs)T3a+25(ra)g, s)(r2)dridg .
Proof: We shall carry out the process of unfolding formally. To justify the
convergence of the integrals at each step when Re(s) is large, one can argue as
in [6). Thus assume Re(s) is large. Unfolding the Eisenstein series we see that

I(p, ¢, fx, 8) equals
(2.4)

> / 0(9)84(7(v)g) 1 (6v3i(g), s)dvdg.
SEP(FNG(E)/SLa(FIVIE) (sLy(F)V (F))$\SL2(A)V (A)

Here (SLoV)? = 671 P§ N SLyV. 1t is not hard to check that |P\G/SLyV| = 3
and, as representatives, we may choose e, wgw, and wg. We shall show that the
first two representatives contribute zero to (2.4). Assume first that § = e. Thus
(SLaV)® = PNSLyV D Zaat4(r) and fy (622a45(r)h, 8) = fy(h,s) for all 7 € A
and h € é(A) Hence we obtain in (2.4) as an inner integral

/ 8 ((0,0;7)m) dr

F\A
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where (0,0,7) = 7 (Z2q+8(r)) and m € H3(A)§VL2(A). Using (1.3.1) this integral
is zero. Next assume 6 = wgw,. One can check that (SLy(F)V(F))? is generated
by h(t,t71), z5(r1), Ta+s8(r2), T2a+4(r3) and x34424(r4) where t € F* and r; €
F. It is also not hard to check that

61‘3(1‘1)6_1 = Z3q42p(r1) and 6$Q+p(1‘2)6—1 = Zoa4s(r2) .

Thus we get that
fx (6zp(r1)Tasp(r2)h, 5) = fi(h,s)
for all ry,7ro € Aand h € éz(A). Hence we obtain in (2.4) as an inner integral

(2.5) / <p[ (1 TI‘) g]IL [(0, 72,0) ( (1) "11) mg]drldrg

(F\A)?

where (0,72,0) = 7(2a4(r2)), m € H3(A) and g € §VL2(A) Using the definition
of the theta function and (1.3.1) we get

[0ra0) (1 7 )ma] =S we[0ra0) (P 7 ) maste

geF

=3 dirat)oy (1 A ) ma|4(€) -

{3
Plugging this into (2.5) and integrating over r; first we see that (2.5) equals
1 r 1
/ so[( 1’)9]%[( rl’) mg| $(0)dr; .
F\A

It follows from (1.3.3) that

wo (M 71) m]60) = w(ma)o(0),

and hence the above integral vanishes by cuspidality of ¢. Thus we are left with
6§ = wp. We have

(SL2V)? = h(t,t ™ 1)ap(r1)Tass(r2)

and
6x(r1)6™" = T3045(r1)  and  6zaip(r2)6! = 24(r2)
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Thus
(2.6)

o= [ [0 7)

GLL(F)N{ANSL2(A) A* (F\A)?
1 m
[T(xa+ﬂ(m2)) ( 11) T(za(ﬁ)a?zaw("?))g]

Fx [xa(mz)wo-’ta(Tl)$2a+/3(T2)$3a+ﬁ(7”3)f'33a+2a(r4)j (9)s S] dmydmadr;dg.

It follows from the definition of the theta function that for any h € H 3(A)STZ,_; (A)

1) Bfrasatma)) (5 1) 1] = X we[rt@asatma) (1 ) H]6t6)

£EF

When £ = 0 the right hand side of (2.7) is invariant under 1 "{’ and hence,

by cuspidality of ¢, the contribution to (2.6) for £ = 0 is zero. Thus in (2.7) we
may sum over £ € F*, i.e. £ € GL)(F). Thus the only contribution from (2.7)
to (2.6) is from

5wl () arstma) (P 7)ot

£€GL1(F)

Plugging this into (2.6) and collapsing the summation with the integration we
get

twefon= [ [ [el(" 7))

N(A)\SLa(A) At (F\A)?
(28) wy|[r(2ara(ma)) (1 "{1)r(xa(«rl)xhw(rz))g]an
Fi[Balma)woza(r1)20+5(r2)sa+0(73)2a+20(r0)i(9), 5| dmadmadridg
It follows from (1.3.1) and (1.3.3) that

wy [T(xa+5(m2)) (1 ";1) h] #(1) = ¢’(%m1 + mz)ww(h)¢(1)

for all h € Hs(A)SLSIy(A). Using this in (2.8), (2.3) follows. @
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It follows from Proposition 2.1 that I{yp, ¢, f~x, s) is factorizable. More precisely,
let

7r=®7r,,, w¢=®w , 0= ®¢,, and I(x,s) ®I (6 9)
where v runs over all places of F. Choose ¢ € V; and ]'; so that
W,=QW, and fw, =@
where W, € W(r,,¢,) and

~(’”ehd"(”( 2(7 0 det) " R W(EL, % )).

Then
(2.9) I(p. 0, fr.5) = [[ L(W.. 4., f(v'v'x),, s)
where
LW, 0. fiy).8) = / / W, (g)wl (9)u(r1 +1)

N(F,\SLz(F,) F}
fiy (w0Za(11)20+6(r2)230+5(r3)Ts0+20(r4)i(9), 8) Yo (ra)dridg .
The relation (2.9) holds provided the right hand side converges absolutely and
provided that each local integral converges absolutely for Re(s) large. Indeed, in
the next section we shall study these local integrals, computing the unramified

integrals and proving other local properties we shall need.

3. The local theory

The subject of this section is to study the local integrals I, (W,, ¢,, fv({,'z ,8) at
nonarchimedean places. We shall carry out the unramified computations and
show the existence of data so that the local integrals do not vanish.

In this section F = F, will denote a nonarchimdean field. We shall drop
the reference to v from the notations when there is no confusion. Let 7 be
an irreducible admissible generic representation of GLy(F). Let ¢ be a non-
trivial additive character of F. We shall denote by W(r,) the Whittaker
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model associated with =. We let w, denote the local oscillator representation
on Hg - §VL2 and we denote by S(F} the space of Schwartz functions on F.
The action of wy on S(F) is well known (see [9]). Let x be a character of
F* and let 6, be the theta function as constructed in [3]. It follows from [3]
that 0, is generic and we shall denote by W(0,,v) its Whittaker model. Let
IWy,,s) = Indg (65 (7 - det)"* @ W(b,,v)). Thus a function fwx or f, in
short, in I(Wp,_,s) is a smooth function on the group G which takes values in
W(0,,v). More precisely, for any h € G there is a function W,'(‘.,s € W(6,,v)
such that for all g € GL, C P and all u € U,

Filguh, s) = W (9)65(g)y ™ (det g) .

In this section we will study the local integrals

I(W,, Fry ) = / /W@WQWH+D

N\SL, F*

Fx(WoZa(r1)T2045(r2)T30+5(73)T30+20(ra)i(9), )9 (r2)dridy .

Let (,) denote the local quadratic Hilbert symbol. Let 4; denote the local
Weil factor. Thus v,v = (a,b)vas for all a,b € F*. If F is nonarchimedean
then (e,p) = 1 if €, are units and also 9. = 1. Some of the computations in
this section will require some symbol computation. We remind the reader that
o(g1,92) = 1 (see 1.2) if g; or g, are unipotent matrices of G corresponding to
the positive roots which were chosen in section 1. Also, if g; and g2 are in the
Levi part of P or ) we may use, for computing o(g1, g2), formula (1.2.1).

Finally, we will denote by O the ring of integers and by O* the units in O.
Also, p will denote a generator of the maximal ideal in O and |p| = ¢~!. For
any local field, K(H) will denote the standard maximal compact subgroup of H
where H is a reductive group. There is a splitting homomorphism for K(G) in
G and if there is no confusion, we shall identify K (G) and its subgroups with its
image in G.

3.1. THE UNRAMIFIED COMPUTATION. In this section we shall carry out the
unramified computation. We assume that g is odd. We assume that there exists
a vector W € W(x, ) such that W(k) = W(e) =1 for all k € K(GL3). Such a
vector W is unique. In this case ¥ is an additive character of F' which is trivial on
O. In a similar way, we assume that W(0,, ) contains a unique vector W, such



Vol. 92, 1995 L-FUNCTION OF GL, 167

e

that W, (k) = W,(e) = 1 where k € K(GL(2)) viewed as a subgroup of GL(2)
in the usual way [7]. More precisely the splitting homomorphism is described by
k — (k,A(k)) where

a b\ _ {(c,dlad-bc)), 0<|e|<1
(3.1) /\(c d>_{1, |C|=0,1
for all h = ((cl Z) € K(GL(2)). Thus x is unramified. To complete the choice

of data we let }; € I(Ws,, s) be the unramified vector in this space and ¢ the
Schwartz function on F which equals one on O and zero otherwise. Thus ¢ is
fixed under K(SL,) viewed as a subgroup in SL,.

Next we describe the local L-function we study. By our assumption on 7 we
gfzml, u2) where py, 2 are unramified. Here B is
the Borel subgroup of GLg which consists of upper triangular matrices and

may assume that = = Ind

(11, p2) (g IC)> ) ux(a)uz(c)’%‘l/2 .

From general theory we may associate to 7 a semisimple conjugacy class in
GL2(C) which we can choose to be diag(u;(p), u2(p)). Let sym? denote the
symmetric fourth power representation of GL2(C). It is well known that sym? is
an orthogonal representation. Denote

A(p) = sym* (Ml(l’) ,ug(p))

= diag (s313%(p), 11131 (p), 1, 147 p2(P), 7 243(p)) -
We define the local twisted symmetric fourth power L-function to be
L(m @ x,sym*,s) = det [Is ~ x(p)A(p)g™"] " .

Here Iy is the 5 x 5 identity matrix. Finally we denote by

L(x,s) = (1-x(p)g~*)""

the local Dirichlet L-function associated with .
In this section we prove
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PROPOSITION 3.1: For all unramified data as above and for Re(s) large enough,

- L(r ® x,sym*, 65 — 3)
3.2 I(W, ¢, fy,s) = : :
(3-2) (W, 6, fx:9) L(x,6s — 3)L(x?,12s — 5)L(x3, 18s — 12)

Proof: We start by computing the integral I(W, ¢, fx,s). We normalize the
additive measure so that [ o dz = 1. Using the Iwasawa decomposition for SL;
we get

1o fos= [ [w(* o)e(t )sm+

F* F4
fx [wo.z'a(r1)x2a+5(r2)x30+/3(1‘3)x3a+2,@(r4)h(t,t—l),s] |t|’2dr,~d"‘t .
Here we chose the measure [, o-d*t =1 and we used the K(SL;)-invariant prop-

erty of the functions with the choice of measure |, K(SLs) dk = 1. Conjugating the
torus, in the above identity, to the left we obtain

1w, Fws)= [ [w (" ) ot + 00l

F~ F4
Fr [M(1, )WpWaWpWaTa(r1)T2a+p(r2)T30+6(r3)Tsas2p(ra), ] Y(r2)drid”t .
We explain the above identity in more detail. First we obtain a factor of |t|~! from
a change of variables ry — t~1ry, r3 — t~!r3 and r4 — try which results from
the torus conjugation. The identity h(1,t)wswawpw, = wpwowgwah(t,t=1)
contributes a cocycle (t,t) which is obtained from the GL2 identity

01 a _ (b 1

1 0 b) ™ a 1
using (1.2.1). Finally, we get the contribution of |t|1/ 24, from the local version
of (1.3.2). Since

W(t t‘1>=0 for{t|>1 and ¢(r)=0 forlr|>1,

it follows that I(w,®, fy,s) vanishes on the domain |r;| > 1. Conjugating
waTa(r1) to the right we obtain

1w fu0= [ [w( ) Cosm,

lti<1 F3

I [R(L, ) WpwawpTass(r2)za(r3)T3a426(ra), 8] Y(ra)drid®t .
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Write

/ (= o]
g1 =0 Jej=qn
For {n| = 1, the identity h(1,p™n) = A(1,p"}h(1,7) contributes a symbol (p™, 7).
Using the identities ypnp, = (p™, 7)¥p» and (p™n,p"™n) = (p™,p") we obtain

(33) I fus)=3 W (p" p—n) (®",")g " pm
n=0

[ Tl wpwatwazass(ra)ta(rs)osasaalral ] v(ra)drs
F3

Set
J(n) = /f;( [R(1, P wpwawpZa+s(r1)Ts(T2)T3a+25(r3), S| ¥(r1)dr;.
F3

In the following series of lemmas we will compute J(n) and the right hand side
of (3.3). Let

Ji{n) = /fx[h(l,p")wﬁwawpxg(rz)x30+2g(r3),s]dri
2
and
J2(ﬂ)=f / F [h(1, P YwpwawsZosp(r1)zs(r2)Taas20(rs), s| ¥(r)dr; .
F2 {ryi>1

Then dividing the domain of integration of J(n) into |r;| < 1 and |r;| > 1 yields
the expression J(n) = Ji(n) + Jao(n).

LEMMA 3.2: Jy(2n+1) =0.
Proof: Using the right invariance of fx by h(e~1,¢) with e € O* we obtain
Ji(n) = / / f"; [h(l,pn)Wﬂwawﬁxﬁ(T2)(E30+2ﬂ(7'3)h(€-1,5),5] d*edr;.
F2 |g]=1
Here we chose the measure d*e so that f,. d*c = 1. Conjugating h(¢™!,¢) to the

left, we obtain

Ji(n) =/ / fx[h(l,p")h(s,1)wpwangg(rg)x3a+2ﬂ(r3),s]d*sdr,- .
F? {g|=1
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Before we proceed we recall the following formulas for the function W, (see {3]).
We have

(3-4) M (a a) = x(a)ys, a€ F%
B AU G

where n > 0 and ¢ € O*.

Going back to Jy(n), the identity h(1,p")h(e,1) = h{e,1)h(1,p™) contributes
the symbol (p”,¢) as can be seen from the GLo calculation. Since h(e,1) is in
the center of GLy which is the Levi part of P, we can use the first formula in
(3.4) to get

Ji(n) = /fx [h(1, " )wpwawpzs(re)T3a+28(T3), 8] dr; / (p",e)d*e .
F? le|=1

Lemma 3.2 then follows since the last integral vanishes unless n is even.
Next we study J2(n). We start with:

LEmMMA 3.3: Let G(p) = 5. (p,e)¥(p~'e) and set
e€{O/P)

R(n) = /f;c [h(l’pn)wﬂ’wawﬁxa+ﬁ(l’_l)xﬁ(rz)$3a+2ﬁ(7‘3),s] dr; .
F2
Then J2(2n) = —R(2n) and J2(2n + 1) = G(p)R(2n + 1).

Proof: We have,
Jz(n) = / Z "

F2 m=1

/ e [M(L 8" Ypwawsasslo™e)ms (r2)zsasaa(rs), o] (o~ ™e)dedrs.
lel=1

It follows from section 1.1 that

h(575_1)x0+ﬂ(p—m)h’(€_1,€) = xa+ﬁ(p_m€) .

Thus,
Jo(n) = / E q"
F? m=1

[ b1, Dz lo™™ a2 s 20(rs), s |9 o)
le|=1
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As in Lemma 3.2 we may conjugate h(e, 1) to the left, and use (3.4) to obtain

Jo(n) = / 0" i [ML PV wpuapzas s (b5 (r2)m30s20(r5), 5] dr
2 m=1

/ (5", eyp(p~e)de.
lel=1

It is not hard to check that f[e|=1(pn’€)¢(p_m€)d€ vanishes if m > 1. Indeed
this follows from the fact that elements in 1+ P are squares and that the Hilbert
symbol is trivial on squares. For m = 1, we have
n — - _lv =02 ’
/ ", e)(p ‘€)d6={ I n=0(2)

¢ 1G(p), n=1(2).
jel=1

This proves the lemma.
To summarize, we have shown that
(3.5)

I(W,,frn8) =) W (”2" ,,_2,,) ¢*(J1(2n) — R(2n))
n=0

ki 2n+1
+(P,P)1GE) > W (p p-nt) ) @ *UR(2n +1) .

n=0

We will show that the right hand side of (3.5) equals the right hand side of (3.2).

LEMMA 3.4:
J1(2n) — R(2n) =
1 - x(p)g~5e+3/? n=0
{ %qu)q—(ﬁsﬂﬂ)n (1 - Xﬂ+1(p)q(—6s+5/2)("+l)) n>1
and
R(2n+1) =

0 n=0
_ —6443/2 _ _ n _
{ e (b, p)g™ 123 C 1/ 2y i3 () (1 — () —++/ 7)) n>l.

Let us show first how this lemma implies Proposition 3.1. Indeed let

()t (t )
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Using this and Lemma 3.4, equality (3.5) reads

—6s43/2

~ 1-
IW, 8, fr8) = (1 - x(p)g+/2) + . :Eg;g-ﬁs%/?

2n
[Z K (p -—211) q(—63+5/2)nxn(p)(l _ xn+1(p)q(—63+5/2)(n+1))
p

n=1

b 2n+1
+ Z K (p p_(2n+1)> q(—63+5/2)n——12s+5xn+2(p)(1 -x" (p)q(—63+5/2)n)]

where here we used the identity v,G(p) = g*/2 (see [10]). Set y = x(p)g~8+%/2.
Thus

~ 1-— -1, 2n
Hw&nm=—ﬁ%—D}K0 pqﬁwﬂ—w“)

n=0
0

2n4-1
+ ZK (p p—(2n+l)> y" (1 - y")] .

n=0

Recall the Shintani [12] formula

K (a ) _ g (@) — 7 pa(p)uy ' pa(a)

-1 ] = — .

a 1 - ui pa(p)
Let a = u7 ' ua(p). Then
R(" )= nme
p l-a

Plugging this in the above equality we get
1

IW, 8, Fys) = B9

(1-y)(1-a) [> (a7 = a1y - g2t

n=0

[e <]
+ }: (a—(2n+l) _ 02n+2) (y'n+2 _ y2n+2)] '

n=0
Opening parentheses and summing the geometric series we obtain
_ Q-ye HQ -1 -9
(1-e?y)(1-ay)(1-y)(1-aly)1-a"2y)’

and this completes the proof of Proposition 3.1. |

I(W, ¢, fx, 5)

To prove Lemma 3.4 we start with
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LEMMA 3.5: Set
1) = [ 7o lb(a,s"wgxa(r), sl
F

Then,

—(6s n.n _ _ 1-x™(p q(—63+5/2)n
1(2n) = g~ (6=+1/2)my, (p)[1+(1_q Nx(p)g=t++5/2 1_.X((13)q—6s+5/2 ]

and I(2n+1) =0.

Proof: For all r # 0 we have

(o) 1)=( ) (T A0

If |r} > 1 then (1.—_11 2) is in the maximal compact of GL,. We also obtain a

cocycle contribution of (r,7) due to the above factorization in CTI:;; We separate

the domain of integration in I(n) into |r| < 1 and |r| > 1. Since

A (f—ll ?) =(rr) ifr>1

we obtain

1) = R (L) + [ Fo[h1xatr = ) s]dr

Jr1>1

It is not hard to check that
(3.6) 6p (h(t1,t2)) = |t343].

Using this and the left invariance of fx under zg we get

=W (") [ Rl
fri>1

or

n

I(n) = —7p—n1q—3n8WX (p 1) + / WX (P ,.—1) ‘)’_1 —1|,,.]—33q—3nsd,r )

prr

Ir|>1
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Using the relation yynp-1 = Ypnye-1(p",771) and

'] _ r 13
Wy (p ,._1) =X 1(r)*rr—1WX< P 1)

(see (3.4)) we obtain

n
I(n) — 7p—nlq—3nsWX (p 1) + ,yp—nlq——@ns

[ w (P ) oo,

fr[>1

Notice the change to the multiplicative measure. Thus

I(n) — ,Y;nlq—iins [WX (p 1)

k=1

n
— 7;'11(1_3"3 [WX (p ) )

le]=1

Isr. J. Math.

had n—k
+ DX (p)g I / Wi <p ) 1)(p",p“’°e)d6]

+gxk(p)q(_38+l)kwx (p"“k 1) (0", 5) / (pk,e)de],

lel=1

Since flel:l(p",e)de = 0 when k = 1(2), we get

I(n) = ,y;nlq—Sns [WX (p 1)

R n~2k
+-e o (P )

k=1

It follows from (3.4) that

n n—2k
WX(” 1>=Wx(p 1):0 if n =1(2).

Thus I(2n + 1) = 0. Also,

1on) = e[, (p% 1)

®© 2(n—k)
PRt 2k (—6s+2)k p
+(1-¢71 D x(p)*q Wx( 1)]

k=1
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2(n—k)
If n < k then W,, (p 1) = 0 and, using (3.4), we obtain

n - i _n—k
12n) =~ (g~ x(p)" + (1 ¢ ™) Y™ x(p)™]
k=1
=q~ 631/ 2y (p)" [1 +(1-q Zq(ﬁ“*s/ 2k ]
Using the formula for geometric sums Lemma 3.5 follows. ]

LEMMA 3.6: We have

—~12543

2
J1(2n) = 1(2")1 _ XzEZ;q—wsH

Proof: By breaking up the domain of integration in r;, we obtain

J1(2n) =/fx[h(l,p2")w5wang5(7'1):1:3,,+25(1'2),s]drldr2
F2

:/];;([h(l,p2n)Wﬁxﬂ(T2),S]dT2
F

+/ /f;c[h(l»Pz")wwﬂ(rz)warﬁ(rfl)h(rfl,rl),S]drldrz

F [1‘;[)1
= I(2n) +/ / fx [h(l,pzn)wﬁxg(rg)h(l,rl_l),sJ dridry .
F |r|>1

Here we used the Iwasawa decomposition for wgzs(r1) when |ri| > 1 (which
corresponds to the usual decomposition in GLj; see the beginning of the proof
of Lemma 3.5). We also con]ugated xp(r7!) to the left and used the right and
left invariance properties of fx. Thus, conjugating h(1,77?) to the left we get

J1(2n) = I(2n)+/ / fx [h(l,pzn)h(rl_l, I)Wﬂxﬂ("'2r1_1),s] dridrg

F ri>1

= I(2n)+(/f[h(l,p2")ngg(r2),s]dr2)

F

X( / i"ll—ss“X("l)_l’Yr;’de)-

Ir1>1



176 D. GINZBURG Isr. J. Math.

This follows from the fact that h(r]',1) is in the center of the GLy which is the
Levi part of P (see the proof of Lemma 3.2). Hence

J1(2n) = I(2n)(1 + / |r1|‘63+2x(r1)_17r1-1dr1)

Im>1
= I(2n)(1 +24‘ S5 X (p) e / (¥, €)de) .
k=1
le|=1
Thus we may sum over k = 0(2}). We get
> o]
J(2n) = 1@n) [1+ (1 - g7) Y g2+ 0k y(p) ]
k=1
and the lemma follows. |

To complete the proof of Lemma 3.4 we need to compute R(m). Write R(m) =
R;(m) + Ry(m) where

Ry(m) = / f fx[h(l,Pm)wﬁwawﬂ%w(l’_l)xﬂ(rl)xsawﬁ(fz),S]drldrz

F mi<1
and
Ray(m) = / / h(1, p™)wpwawpTats (P~ )2a(r1)T3a+26(r2),s s] dridry .
F im|>1

We start with Ry(m):

Fo[1,pmYwss(r2)waza(p™), 8] dra

Fu[P(1, p™Ywpzp(r2)za (P)R(P™ ,p2),8]dr2

[ (1 p"')wﬁxp(rz)h(p"l,p2),8]¢ (p™t'rg) dry .

In the first equality we used the corresponding Iwasawa decomposition for the
matrix weTo(p~!) (as in Lemma 3.5). The second equality follows from the
relation

25(r2)Ta(p) = Ta+p(pra)uza(p)zs(re)
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where u is a unipotent matrix such that
f"vx [h(l,pm)wﬂuh, s] = fx [h(l,p"‘)wph, s]

for alt h € G. We also used the relation WaTasp(pre)ws = To(prz). Conjugating
h(p~1,p?) to the left, we get

Ry(m) = / Fx [R@ DR, p™ VDwsas(p®r2), s] ¥ (p7+r2) (p™, p)dre
J .

= q—123+3x(p2)/fx [h(l,pm"l)wgzﬂ(Tz), 3]‘/’ (7 7r2) (P, p)dra.
F

In the last equality we changed variables in 72 and used the fact that h(p?,1) is
in the center of the Levi part of P (as in Lemmas 3.2 and 3.5). Hence

Ri(m) =x2(p)q‘”3+3(p'",p)[fx(h(l,pm‘l)) / P (p™ " 2rg)dry

Ir2|<1
+ [ E[a et ra,s]uen-rraar
|1‘2|>1
m—1
=x*(p)g~ 3™ %3 (p™, p) [Wx (p 1)7,,‘"}_1 / P(p™ 2rq)dry
Ir21<1
pm—l
+ / W, ( ,r—l) Ira| =3yt v (™ 2r2) dr,]
2 P T2
lrgl)l
i —1
=x*(p)a~ > (07, p) Vs [WX (3’ 1) / % (P %rs) dry
[r2)<1
+ w. pm—l,'.2 (’f‘ )-—1( m—1 I |—33w( m—2 )d
X 1) X\2 p ,7’2) T2 p T2)aT3
|T2I>1
m—1
=x*(p)g~ ™ (™, )Y [WX (p 1) / % (p™"%rs) dry
[rz|<1
asd m—k~1
+Y x()* ™, pF)g Pt W (p 1)
k=1
(3.7) [ @t eppmrede
lel=1

Now we have:
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LEMMA 3.7:

0, n=0,
Ri(2n) = {q(—123+2)n—68+3/2x(p)2"+1, n>1.

Proof: Plug m = 2n in (3.7) to obtain

2n—1
Raen) = et w (P ) [ v,

Jr2|<1

e 2n—k+1
+) x(0)*(p, p*)g 2t W, (p 1 )
k=1

/ (0, )y (PP * %) ds] .

lej=1

The first term in the brackets vanishes for all n, since 2n — 1 is odd. The second
term vanishes for n = 0. Thus R;(0) = 0. Also, fI6I=1 =0if k = 0(2). Thus for
k=1(2),

(P’ﬂe)d; (p2n—k—25) de = / (p,e)w (p2n—k—2) de
lel=1 lei=1

which is zero unless 2n —k —2 =1 or k = 2n — 1. Hence, forn > 1,
Ry (2n) = x*(p)g 8", Ix(p) > 1q T2tV (5, p)g " G(p) .
1t follows from [10] that v,G(p) = ¢*/2, and hence for n > 1 that
R1(2n) — q(—12s+2)n—63+3/2x(p)2n+1' ]

LEMMA 3.8:

R1(2n + 1) =

0» n=0,
{ I (b, p)X(p)" 2= 6541/ Dn 136431 yn(p)g(=8545/2m), > 1.

Proof: In (3.7) let m = 2n + 1. We get

2n
Ry(2n + 1) = 3 (p)g ™" 1242(p, p) [ Wy (p 1) / Y(E*" " Ira)dr

Ir21<1

ot 2n—k
n Zx(p)kq(—3s+l)kwx <:D 1) / (0", ) (P *1e) ds] )

k=1 le]=1
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Each term vanishes for n = 0, hence R;(1) = 0. Also
p2n—k
Wx( 1):0 for 2n < k or k = 1(2).

Thus, using (3.4), we get for n > 1

Ri(2n +1)
= x*(p)g'*~%"**(p,p) [q Ex(p)" + Zx(p 2k g (642252 y (p)n-k
k=1
/ " (p2n—2k—1€) de]
lej=1
= g 128=(EsH1/2n43y (pynt2(p 1) [1 +(1- ZX . g(~6s+5/2)k
- x(®)" q(“”*s/ 2’"'1],

where in the last equality we need the identity
1

[ wwow= {1 4" 20

q -, 1=-1.
lel=1

Using the formula for geometric sums, the lemma follows. 1

We proceed with R2(m). We have

/ / h(l p™ wgwaxa(p‘l)x30+g(r2)xﬂ(r1'1)h(rl‘l,rl),s] dridrs.
F jr>1
Using the relation

2

wa(P_l)xﬁ(Tl—l) = xﬁ(rl_l)xa(p_l)x2a+ﬁ (p- Tl_l) u,

where u is a unipotent matrix in P, we obtain in a similar way as in the compu-
tation of R;(m)

Ram) = [ [ F [0, 5 uatazeto™z0sa(ra)blr, 7)o
F ir>1

) (p'"‘zrl_l) dridrsg
= [ [ R {p e duszstrar waza o), o

F |m>1
Y(p™ % )drldr2
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Since |ry| > 1, z4(p~'ry") is in the maximal compact of G. Using this and the
fact that h(r;?,1) is in the center of the Levi part of P, we obtain

Ry(m) =/f~x[h(l,p"‘)wﬂzﬂ(rg),s]drz
F

x / |T1|—68+1X("'1)_17,-1—1¢ (pm-2,r1—1) dTl

Ira|>1
(3 =I(m) iq(_ss“)k)((p)k%" / (", e)(p™ " %e)de
k=1 it
The last lemma is:
LEMMA 3.9:
Ro(2n+1) =0;
Ra(am) = I(0)[g0*+3/2x(p) + LSBT, n=0,

1—g—1)y2 12544

I(2n) 1_qx§(;()qf}q§.?r4—a n>1.

Proof: From Lemma 3.5, I(2n + 1) = 0. Hence by (3.8), Ry(2n + 1) = 0. Put
m = 2n in (3.8):

o0

Ry(2n) = 1(2n) Y g5+ D*x(p) v, / (P*, e)p(p*" 26 ) de.

k=1 le]=1

The integration on ¢ vanishes if 2n + k-2 < —-1. If n =0,

R»(0) = I(0) [q(_6’+2)X(P)’}'p / (p,e)(p~e)de

lej=1

+ g St DRy (p) ey / (p",E)dE]-
k=2
le]=1

The terms corresponding to k = 1(2) vanish. Using the relation v,G(p) = ¢'/2

we get
RQ(O) — I(O) [q—63+2/2x(p) + (1 _ q—l) Zq(-12s+4)kx(p)2k] .
k=1
In a similar way we compute R3(2n) for n > 1. |

This completes the proof of Lemma 3.4 and the unramified computation.
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3.2. CONVERGENCE AND NONVANISHING. We start with

LEMMA 3.10: Let W € W(r,9), fy € I(Ws,,s) and ¢ € S(F). Then the
integral I{W, ¢, f~x, s) converges absolutely for Re(s) large.

Proof: Writing the Iwasawa decomposition in SL; and using the K (G) finiteness
of fx and the K(SL;) finiteness of W and ¢, we see as in the first steps of the

proof of Proposition 3.1 that it is enough to prove the absolute convergence of

(3.9) / /W (i t—l) o(r1 + t)]t[—f)/z%i

F* F1

X [h(l, t)il)(),’l,‘a(7‘1).’L‘2a+'3(7‘2):1}30+ﬁ(T3)1l'3a+2g(7'4), S] d’f'id*t.

Since W is fixed by some small compact open subgroup of SLg, we see that
t . .
w 1] =0 if [t] is large.

Since ¢ € S(F), ¢(r1 +t) = 0 if |ry + ¢ is large. Thus we may deduce that (3.9)
is zero if [r;| is large. Using the K(é) finiteness of fx it is enough to study the
absolute convergence of

t _ ~
/ /W< t—1> [t]7% 2y, £
P 3

X [h(l, t)w0$20+ﬂ(r2)I30+B(7'3)x30+2ﬁ(7'4), S] dr;d*t.

Conjugating wq to the right implies that we may study the absolute convergence
of

(3.10) / _/W (t t—l) It]=3/% . £

F+ F3

X [h(l, t).’L‘_(a+ﬂ)(Tz)l_(3a+2ﬂ)(T3)113_g('l‘4), S] dT’id*t.

Next we write the Iwasawa decomposition of Z_(a44)(r2)T—(3a+28)(73)T_5(r4)-
We do this by breaking the domain of integration into eight separate cases either
|ri| < ¢; or |r;| 2 ¢; for some constants ¢; with i = 2,3,4. By K (é)-ﬁniteness of
fx we may ignore the integration on those variables r; with |r;| < ¢;. Let us treat

the case where all |r;| > ¢;. In this case, the contribution to (3.10), provided ¢;
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is large enough, is

t -
/ / v ( ¢! ) It|3’ 5/2’7”;3113—21'4_1

F~ '1‘"|>C,‘

(3.11) —
x Wy [r3r§r3|=*dr;d*t.
p=lp=2p=1

The absolute convergence of this integral for Re(s) large follows from the usual
estimation of Whittaker functions (see {6]). 1

Since I(W, ¢, fx,s) is a finite sum of integrals of the type of (3.11), it
also follows from the asymptotic expansion of the Whittaker functions that
I(w, ¢f~x, s) is a rational function in ¢~*. Thus we have:

LEMMA 3.3: I(W, ¢, fx, 8) Is a rational function in q~*. In particular, it admits
a meromorphic continuation to the whole complex plane.

Finally, we prove

ProPOSITION 3.4: There exists a choice of data such that given sqg € C, the
integral I(W, @, fy, s) is nonzero at s = so.

Proof: We argue in a similar way as in [13] section 6. Choose W € W(x, ) and
W, € W(0,, ) such that W(e)W, (e) # 0. For Re(s) large, we have

1(W, 6,05 Frs8) =
P[lw((t t—l)(rls ?))wwl(t t_1><T15 1>]¢(r1+1)

Fx <w0xa("'1)1'2a+ﬂ(7'2)1'3a+ﬁ(T3)x30+2ﬁ("'4)h(ta t~ Nz _p(rs)wgt, S)
@b(Tz)lt!_zd’r‘id‘t .

Conjugating h(t,t~1) to the left in f,, we obtain
(3.12)

I(W,¢,wo‘1fx,s)=ﬁ[F/5w<(t t’1><7~15 (1)))“)"’(1'15 ‘1))¢(r1+t)fx

(h(11 t)woxa(rl)x2a+ﬁ(7‘2)x3a+ﬁ(r3)z3a+2ﬂ(r4)x_ﬁ(,,.s)wo-l’ S)
W(ra)(t, t)yelt| > 2drid”t .
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To obtain the above, we also used a suitable change of variables. Given W €
W(r,¢) and ¢ € S(F) there is a compact open subgroup K° of SL; such that
W (gk®) = W(g) for g € SLy and wy(k%)¢ = ¢ for all k° € K. Also for |ry]
small enough, wy((r1,0,0))¢ = ¢. Let K! be a sufficiently small compact open
subgroup of G such that z4,45(r1), z5(r5) € K' whenever (1‘15 1) € K% and
wy((r1,0,0))¢ = ¢. Thus K! depends on the choice of W and ¢. Let u; =
Za(T1)T20+8(r2)T30+8(T3)T30+28(ra)x—a(rs). We claim that if woul'wo_1 € PK!
then wouiwg 1 € K. To see this we use matrix multiplication. Realize G5 as a
subgroup of SO7. One can choose the embedding so that P will be contained in
the maximal parabolic subgroup of SO; whose Levi part is GLy X SO3. In this

I
woulwgl = X I3
Z X* I

where X, Z and X™ are so that the above matrix is in G5. Also for p € P we

embedding one has

have
A x  x
p= B x where A € GL; and B € SOs3,
A*

in such a way that p is in G2. Thus a simple matrix multiplication of (wouwg Yp
shows that wouiwg 1y € K implies that Wt Wy ! ¢ K. Choose f;( which is
supported on PK!. Write also

ww<r15 1)¢(t+r1)=w¢,[(r1,0,0)(:5 1>]¢(t).

Thus (3.12) equals, up to a nonzero constant,
t t
Jw (e )oam (U ) e
F‘

where @ € Z. Choose ¢ to be supported on the set 1 + P™. Then if m is
large enough, the above integral is a nonzero constant times W(e)W, (e). This
completes the proof. 1
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